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Abstract Perturbations of satellite orbits in the gravitational field of a body
with a mass monopole and arbitrary spin multipole moments are considered for
an axisymmetric and stationary situation. Periodic and secular effects caused by
the central gravitomagnetic field are derived by a first order perturbation theory.
For a central spin-dipole field these results reduce to the well known Lense-Thirring
effects.
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1 Introduction
As is well known Einstein’s theory of gravity leads to so-called gravitomagnetic
effects, i.e., gravitational effects caused by moving or rotating masses. Such effects,
e.g., related with a rotating Earth, have been studied intensively in the past. To
be mentioned here is the Lense-Thirring effect that describes perturbations of
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a satellite orbit in the gravitomagnetic dipole field of a rotating body. It was
first described by Lense and Thirring (1918, see Mashhoon et al. (1984) for a
translation) after extensive groundwork by Einstein. Ciufolini and Pavlis (2004)
found the effect to be confirmed within a 10 % accuracy by a detailed analysis of
the orbits of the two LAGEOS satellites. The results, however, are still subject to
an ongoing debate (see Iorio et al. (2011)).
Closely related to the Lense-Thirring effect is the precession a torque-free gyro-
scope experiences due to gravitomagnetism. This Pugh-Schiff effect was proposed
to be an alternative test for frame-dragging (see Pugh (1959) and Schiff (1960)). Al-
though unexpected problems arose Everitt et al. (2011) measured the effect within
an accuracy of 13 %.
The above mentioned effects solely take the spin dipole into account. Natu-
rally one is also interested in the influence of higher spin multipole moments. Such
higher multipole moments come into play via multipole expansions of the so-called
gravitoelectric potential φ (a generalisation of the Newtonian potential U which
is often also denoted by w) and the gravitomagnetic vector potential w. Both are
used in order to parametrise the metric tensor in the first post-Newtonian approx-
imation. For more details on the origin and form of the metric tensor in the first
post-Newtonian approximation please see Soffel et al. (2003) and Damour et al.
(1991).
In this paperw will be our primary concern. As for the gravitoelectric potential
φ we will just use a post-Newtonianmass monopole, i.e., φ = GM/r, whereG is the
Gravitational constant,M the Blanchet-Damour mass of the central body and r =
‖x‖ the distance to its centre of mass. The gravitomagnetic potential w is induced
by a matter current density σ (σk := T 0k/c, where Tµν is the body’s energy-
momentum tensor and c the speed of light). In the stationary case and outside a
coordinate sphere S that fully covers the energy-momentum tensor of the central
body w admits a multipole expansion of the form (e.g. Blanchet and Damour
(1989))
w = wkek = −G
∞∑
l=1
(−1)ll
l!(l+ 1)
ǫkabJbL−1∂aL−1
(
1
r
)
ek (1)
with the spin multipole moments
JL :=
∫
R3
ǫab<kl xˆL−1>aσbd
3x. (2)
In these equations ǫabc denotes the fully antisymmetric three dimensional Levi-
Civita symbol for which we shall use ǫ123 := +1. The vectors (ek), k = 1, 2, 3
stand for the canonical basis of the R3, i.e., e1 = (1, 0, 0)
T etc. The spin-moments
JL are Cartesian STF (Symmetric and Trace-free) tensors, where L is a Cartesian
multi-index, L = (k1, . . . , kl) of l Cartesian indices, each taking the values 1, 2, 3.
Symmetric refers to the symmetry with respect to all l indices while trace-free
means that every contraction between two arbitray indices vanishes. For more
information on STF-tensors please also see Thorne (1980) and Hartmann et al.
(1994).
A summation over two equal (dummy) indices is implied automatically (e.g.,
AaBa := A1B1 +A2B2+A3B3) and ∂ab := ∂
2/(∂xa∂xb) etc. The hat on top of a
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symbol indicates the STF-part. Angle brackets indicate the STF-part with respect
to the indices enclosed.
Note that for the first post-Newtonian metric the spin multipole moments have
to be defined to Newtonian order only. The spin-dipole moment, J, agrees with
the usual intrinsic angular momentum of the body.
In this paper we will study a central axisymmetric body rotating uniformly
about its symmetry axis. Perturbations of satellite orbits caused by the correspond-
ing gravitomagnetic field induced by spin multipole moments of arbitrary order
will be considered by means of perturbation theory. Such spin multipole moments
have been considered by Teyssandier (1978) and Panhans and Soffel (2014). Ear-
lier applications of the mentioned expansions can be found in Zimbres and Letelier
(2008) for the precession of a gyroscope and in Iorio (2001) where an alternative
derivation of the Lense-Thirring effect is given.
Here we shall also use a coordinate system with an axial symmetry with re-
spect to the z-axis, i.e., the spin vector of the body points into z-direction. This
simplifies the form of the used multipole expansion. On the other hand this might
be a shortcoming because of the loss of generality due to unknown transforma-
tion behaviour of the spin moments. A treatment of a general spin orientation
can be found in Iorio (2012) where a general spin-spin interaction was taken into
account as well. A discussion about mixed effects connected with an arbitrary spin
orientation can be found in Iorio (2015).
2 Equations of motion and STW-decomposition
Post-Newtonian satellite equations of motion have been studied in detail in the
literature (e.g., Damour et al. (1994)). Considering only a single isolated cen-
tral body the coordinate acceleration of a satellite aS (e.g., equation (3.4) of
Damour et al. (1994)) has the form
aS = ∇φ+ 1
c2
[
−4φ∇φ− v(3φ˙+ 4(v∇)φ) + 4w˙+ v2∇φ+ v×B
]
(3)
where the gravitomagnetic field B is defined by
B := −4∇×w . (4)
Since our central interest are the perturbations induced by some stationary grav-
itomagnetic field, i.e., w˙ = 0, we will simplify this equation to
aS = ∇φ+ aper (5)
with the perturbing acceleration
aper :=
1
c2
v×B . (6)
Here, v is the satellite’s coordinate velocity. Effects connected with a variation in
time of the spin vector and orders of magnitude were studied in Bini et al. (2008)
and Iorio (2002). For satellite orbits around the Earth such time dependencies can
be neglected.
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As mentioned in the beginning we will take φ = GM/r so the gravitoelectric
part of the potential leads to unperturbed Keplerian orbits. The satellite orbit
will be described by the usual set of orbital elements (a, e, I, Ω, ω,M0) and the
perturbations by means of a Gaussian STW-perturbation theory of first order
with S, T , and W being the scalar products of aper with n for S, k for W and
n × k for T. These vectors are defined by n := x/r, r := ‖x‖ and k := C/C,
C := x× v, C := ‖C‖.
An explicit calculation yields
S =
B ·C
rc2
, T = −x · v
C
S, W =
[(xv)(vB)− v2(xB)]
Cc2
. (7)
In a next step we want to calculate B explicitly. Using (1) a calculation of the
B-field reveals
B = 4G
∞∑
l=1
(−1)ll
(l+ 1)!
JL∇∂L
(
1
r
)
= 4G
∞∑
l=1
l(2l− 1)!!
(l+ 1)!
∇
(
JLnˆL
rl+1
)
. (8)
The use of spherical coordinates has proven to be of advantage and so we will use
spherical spin multipole moments
Ξlm :=
∫
d3x
[
rl(x× σ)∇Y ∗lm
]
(9)
as introduced by Panhans and Soffel (2014). Here
Ylm(λ, φ) :=
√
2l+ 1
4π
(l−m)!
(l+m)!
eimφPlm(λ) (10)
stands for spherical harmonics and
Plm(λ) :=
(−1)m
2ll!
(1− λ2)m2 d
m+l
dλm+l
(λ2 − 1)l (11)
are associated Legendre functions. Legendre polynomials are denoted as
Pl(λ) := Pl0(λ). (12)
In the following the arguments of the these functions will be the polar angle ϕ
while we plug in cos(θ) for λ where θ is the azimuth angle. With this convention
we will suppress arguments when using these functions.
The spherical spin multipoles are connected with JL via
JL =
4π(l− 1)!
(2l+ 1)!!
l∑
m=−l
Yˆ lmL Ξlm. (13)
Written in terms of spherical harmonics B becomes
B = 4G
∞∑
l=1
l∑
m=−l
4π
(2l+ 1)(l+ 1)
Ξlm
{
1
rl+1
∇Ylm − (l+ 1)Ylm x
rl+3
}
. (14)
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The assumption of an axial symmetry implies Ξlm = ξlδ0m. Under this assumption
expression (14) reduces to
B = −4G
∞∑
l=1
2
√
π√
(2l+ 1)(l+ 1)
ξl
{
sin(θ)P ′l
rl+2
eθ + (l+ 1)Pl
x
rl+3
}
, (15)
with
eθ = cos(θ) cos(φ)e1 + cos(θ) sin(φ)e2 − sin(θ)e3 (16)
while P ′l is the first derivative of Pl with respect to its variable.
As consequence of this form of B we get for S and W (T is given by S through
(7))
S =
8
√
πCG
c2
∞∑
l=1
ξl√
2l+ 1(l+ 1)rl+3
cos(I)P ′l , (17)
W =
8
√
πCG
c2
∞∑
l=1
ξl√
2l+ 1(l+ 1)rl+3[
(l+ 1)Pl +
re sin(ν) cos(u) sin(I)
p
P ′l
]
. (18)
In this equation ν notes the true anomaly and we used u := ν+ω and p := a(1−e2).
In the next section the perturbations of the orbital elements will be discussed.
3 Discussion of the single orbital elements
3.1 Semi-major axis
The differential equation for the semi-major axis reads
a˙ =
2
n
√
1− e2
(
Se sin(ν) + T
p
r
)
. (19)
We make use of the second equation in (7) and get
a˙ =
2
n
√
1− e2
(
e sin(ν)− x · v
C
p
r
)
S. (20)
In the last step we furthermore apply
x · v = rC
p
e sin(ν), (21)
an equation we will also need for the eccentricity, and find
a˙ = 0. (22)
So for this special form of the perturbation acceleration the semi-major axis will
not change over time.
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3.2 Eccentricity
We are using again the second relation of (7) and the expression for x ·v together
with equations known from the description with orbital elements,
cos(E) =
r
p
(e+ cos(ν)),
p
r
= 1 + e cos(ν), (23)
and find
e˙ =
8
√
πG cos(I)
c2
∞∑
l=1
ξl√
2l+ 1(l+ 1)al+2
( r
a
)−1−l
sin(ν)P ′l
(
sin(u) sin(I)
)
. (24)
The last three steps are expressing the P ′l with Pk via
P ′l =
l−1∑
k=0
NlkPk, Nlk =
{
2k + 1 k even, l odd or k odd, l even
0 otherwise
, (25)
(a consequence of no. 8.915/2. in Gradshteyn and Ryzhik (2007)) followed by
rewriting the Pk in terms of complex inclination functions Fkab (see Kaula (1961))
Pk(sin(u) sin(I)) =
k∑
b=0
Fk0b(I)e
i(k−2b)u (26)
and finishing the series of conversions by eliminating the implicit time dependency
through ν by using Hansen coefficients Xn,ms (e.g., Branham Jr. (1990)) so we end
with
e˙ =
8
√
π cos(I)G
c2
∞∑
l=1
ξl√
2l+ 1(l+ 1)al+2
l−1∑
k=0
k∑
b=0
NlkFk0b(I)e
iω(k−2b)
1
2i
∞∑
s=−∞
(
X−1−l,k−2b+1s −X−1−l,k−2b−1s
)
eisM . (27)
In a first order perturbation theory we just have to integrate this expression with
respect to t which is fairly easy seeing the trivial time dependencyM(t) = nt+M0.
One has to be careful with the term for s = 0 though. The result is
∆e =
8
√
π cos(I)G
c2
∞∑
l=1
ξl√
2l+ 1(l+ 1)al+2
l−1∑
k=0
k∑
b=0
NlkFk0b(I)e
iω(k−2b)
{−1
2n
∞∑
s=−∞
s6=0
(
X−1−l,k−2b+1s −X−1−l,k−2b−1s
)eisM
s
+
1
2i
(
X−1−l,k−2b+10 −X−1−l,k−2b−10
)
t
}
. (28)
The secular perturbations of e vanish because of
∆esec(t) =
∞∑
l=1
8tG
√
π cos(I)ξl√
2l+ 1(l+ 1)al+2c2
l−1∑
k=0
k=even
NlkFk0 k
2
(I)
2i
(
X−1−l,10 −X−1−l,−10
)
= 0 (29)
where we used Xn,m0 = X
n,−m
0 .
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3.3 Inclination
The discussion of the inclination I will follow the same pattern as before but gets
slightly more complicated because of the appearance of W rather than S. The
starting point is the perturbation equation
I˙ =
8
√
πG
c2
∞∑
l=1
ξl√
2l+ 1(l+ 1)rl+2
cos(u)
[
(l+ 1)Pl +
r
p
e sin(ν) sin(I) cos(u)P ′l
]
.
(30)
This time we pass on expanding P ′l but use
cos(u) sin(I)P ′l (sin(u) sin(I)) =
∂Pl
∂u
(sin(u) sin(I)) (31)
instead. We apply the other conversions as before and find
I˙ =
4
√
πG
c2
∞∑
l=1
ξl√
2l+ 1(l+ 1)al+1p
( r
a
)−1−l
l∑
b=0
Fl0b
(
eiu + e−iu
)
eiu(l−2b)
[
(l+ 1)(1 + e cos(ν)) + ie(l− 2b) sin(ν)
]
(32)
=
4
√
πG
c2
∞∑
l=1
ξl√
2l+ 1(l+ 1)al+1p
( r
a
)−1−l l∑
b=0
Fl0be
iω(l−2b)
{[
(l + 1)eiν(l−2b+1) +
e
2
(2l− 2b+ 1)eiν(l−2b+2) + e
2
(2b+ 1)eiν(l−2b)
]
eiω
+
[
(l+ 1)eiν(l−2b−1) +
e
2
(2l− 2b+ 1)eiν(l−2b) + e
2
(2b+ 1)eiν(l−2b−2)
]
e−iω
}
=
∞∑
l=1
4
√
πGξl√
2l+ 1(l+ 1)al+2(1− e2)c2
l∑
b=0
Fl0be
iω(l−2b)
∞∑
s=−∞
{[
(l+ 1)X−1−l,l−2b+1s +
e
2
(2l− 2b+ 1)X−1−l,l−2b+2s
+
e
2
(2b+ 1)X−1−l,l−2bs
]
eiω +
[
(l+ 1)X−1−l,l−2b−1s
+
e
2
(2l− 2b+ 1)X−1−l,l−2bs + e
2
(2b+ 1)X−1−l,l−2b−2s
]
e−iω
}
eisM .
(33)
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An integration yields the fairly long expression
∆I(t) =
∞∑
l=1
4G
√
πξl√
2l+ 1(l+ 1)al+2(1− e2)c2
l∑
b=0
Fl0be
iω(l−2b)
{
∞∑
s=−∞
s6=0
{[
(l+ 1)X−1−l,l−2b+1s +
e
2
(2l− 2b+ 1)X−1−l,l−2b+2s
+
e
2
(2b+ 1)X−1−l,l−2bs
]
eiω +
[
(l+ 1)X−1−l,l−2b−1s
+
e
2
(2l− 2b+ 1)X−1−l,l−2bs + e
2
(2b+ 1)X−1−l,l−2b−2s
]
e−iω
}
eisM
ins
+
{[
(l+ 1)X−1−l,l−2b+10 +
e
2
(2l− 2b+ 1)X−1−l,l−2b+20
+
e
2
(2b+ 1)X−1−l,l−2b0
]
eiω +
[
(l+ 1)X−1−l,l−2b−10
+
e
2
(2l− 2b+ 1)X−1−l,l−2b0 +
e
2
(2b+ 1)X−1−l,l−2b−20
]
e−iω
}
t
}
.
(34)
As for the secular perturbation we find
∆Isec(t) =
4
√
πGt
c2
∞∑
l=1
l=odd
ξl√
2l+ 1(l+ 1)al+2(1− e2)
{
Fl0 l+1
2
[
(l+ 1)X−1−l,00 +
e
2
lX−1−l,10 +
e
2
(l+ 2)X−1−l,−10
]
+Fl0 l−1
2
[
(l+ 1)X−1−l,00 +
e
2
(l+ 2)X−1−l,10 +
e
2
lX−1−l,−10
]}
=
4
√
πGt
c2
∞∑
l=1
ξl√
2l+ 1(l+ 1)al+2(1− e2)(
Fl0 l+1
2
+ Fl0 l−1
2
)(
l+ 1
)(
X−1−l,00 + eX
−1−l,1
0
)
= 0, (35)
which vanishes again due to Fl0 l+1
2
+ Fl0 l−1
2
= 0 for odd numbers l.
3.4 Argument of the ascending node
Luckily the above argumentation can be adopted for the calculation of ∆Ω with
some minor changes since the differential equations for Ω and I just differ by
the appearance of sin(u) rather than cos(u) and an additional sin(I) in the de-
nominator which has no influence on the calculation at all. So the result for ∆Ω
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∆Ω(t) =
∞∑
l=1
−i4G√πξl
sin(I)
√
2l+ 1(l+ 1)al+2(1− e2)c2
l∑
b=0
Fl0be
iω(l−2b)
{
∞∑
s=−∞
s6=0
{[
(l+ 1)X−1−l,l−2b+1s +
e
2
(2l− 2b+ 1)X−1−l,l−2b+2s
+
e
2
(2b+ 1)X−1−l,l−2bs
]
eiω −
[
(l+ 1)X−1−l,l−2b−1s
+
e
2
(2l− 2b+ 1)X−1−l,l−2bs + e2(2b+ 1)X
−1−l,l−2b−2
s
]
e−iω
}
eisM
ins
+
{[
(l+ 1)X−1−l,l−2b+10 +
e
2
(2l− 2b+ 1)X−1−l,l−2b+20
+
e
2
(2b+ 1)X−1−l,l−2b0
]
eiω −
[
(l+ 1)X−1−l,l−2b−10
+
e
2
(2l− 2b+ 1)X−1−l,l−2b0 +
e
2
(2b+ 1)X−1−l,l−2b−20
]
e−iω
}
t
}
.
(36)
This has noticeable consequences in particular for the secular perturbations which
read
∆Ωsec(t) =
8
√
πGt
c2 sin(I)
∞∑
l=1
l=odd
ξl√
2l+ 1al+2
ℑ
(
Fl0 l+1
2
)
X−2−l,00
=
8
√
πGt
c2 sin(I)
∞∑
l=1
l=odd
ξl√
2l+ 1al+2 (1− e2)l+ 12
ℑ
(
Fl0 l+1
2
)
l−1
2∑
n=0
(e
2
)2n(2n
n
)(
l
2n
)
(37)
where we used
(1− e2)Xn,ms = Xn+1,ms + e
2
(
Xn+1,m+1s +X
n+1,m−1
s
)
(38)
with s = m = 0, n = −l − 2 and
X
−(n+1),m
0 =
(e
2
)m 1
(1− e2)n− 12
[n−m−1
2
]∑
b=0
( e
2
)2b(2b+m
b
)(
n− 1
2b+m
)
(39)
for n ∈ N, m ∈ Z.
If only the spin-dipole is kept we recover the well known result of Lense and
Thirring (Mashhoon et al. (1984)):
∆Ωl=1sec =
8
√
πGt
c2 sin(I)
ξ1√
3a3(1− e2) 32
ℑ (F101) = 2G
c2a3n(1− e2) 32
√
4π
3
ξ1nt. (40)
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Inserting ξ1 =
√
3/4πJ the Lense-Thirring expression is obtained.
Because of its relevance we want to apply this formula to the LAGEOS 2
satellite. We will treat Earth as a homogeneous body. Since the quadrupole term
does not contribute to the secular perturbations at all the dipole needs to be
compared to the octupole term. Evaluating formula (37) gives
Ω˙l=3sec = 3
√
π
7
Gξ3(1 +
3
2e
2)
c2a5(1− e2) 72(
4 cos5
(
I
2
)
sin
(
I
2
)
− 12 cos3
(
I
2
)
sin3
(
I
2
)
+ 4 cos
(
I
2
)
sin5
(
I
2
))
(41)
for the secular drift rate caused by the spin octupole. For the model of a homoge-
neous Earth one finds
Ω˙l=3sec = 0.02
mas
yr
. (42)
Since our model of a homogeneous Earth overestimates the value of the spin oc-
tupole moment the actual value for the drift rate is even smaller than the calculated
number. If one compares this value to the spin dipole term (Ciufolini and Pavlis
(2004)),
Ω˙l=1sec = 31.5
mas
yr
, (43)
it becomes obvious that the contribution of the spin octupole and all higher spin
multipole moments can be neglected for Earth’s satellite orbits at present.
3.5 Argument of periapsis
Most of the work for this orbital element is done by now because the result from
3.4 can be used. However, in the differential equation for ω appears an additional
term ω˙add which needs to be studied. So we calculate
ω˙add :=
√
1− e2
nae
{
− S cos(ν) + T sin(ν)
[
1 +
r
p
]}
= − C
µe
[
cos(ν) +
r
p
e sin2(ν) +
(
r
p
)2
e sin2(ν)
]
S
= − 8
√
πpG cos(I)
ec2
∞∑
l=1
ξl√
2l+ 1(l+ 1)rl+3(
cos(ν) +
r
p
e sin2(ν) +
(
r
p
)2
e sin2(ν)
)
l−1∑
k=0
k∑
b=0
NlkFk0b(I)e
iu(k−2b)
(44)
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= − 8
√
πpG cos(I)
ec2
∞∑
l=1
ξl√
2l+ 1(l+ 1)al+3
l−1∑
k=0
k∑
b=0
NlkFk0b(I)e
iω(k−2b)
∞∑
s=−∞
{
1
2
(
X−l−3,k−2b+1s +X
−l−3,k−2b−1
s
)
+
e
2(1− e2)
[
X−l−2,k−2bs − 12
(
X−l−2,k−2b+2s +X
−l−2,k−2b−2
s
)]
+
e
2(1− e2)2
[
X−l−1,k−2bs − 12
(
X−l−1,k−2b+2s +X
−l−1,k−2b−2
s
)]}
eisM .
(45)
We integrate (45) and find
∆ωadd(t) = −
∞∑
l=1
8
√
πGp cos(I)ξl
ec2
√
2l+ 1(l+ 1)al+3
l−1∑
k=0
k∑
b=0
NlkFk0b(I)e
iω(k−2b)
{
∞∑
s=−∞
s6=0
{
1
2
(
X−l−3,k−2b+1s +X
−l−3,k−2b−1
s
)
+
e
2(1− e2)
[
X−l−2,k−2bs − 12
(
X−l−2,k−2b+2s +X
−l−2,k−2b−2
s
)]
+
e
2(1− e2)2
[
X−l−1,k−2bs − 1
2
(
X−l−1,k−2b+2s +X
−l−1,k−2b−2
s
)]}eisM
ins
+
{
1
2
(
X−l−3,k−2b+10 +X
−l−3,k−2b−1
0
)
+
e
2(1− e2)
[
X−l−2,k−2b0 −
1
2
(
X−l−2,k−2b+20 +X
−l−2,k−2b−2
0
)]
+
e
2(1− e2)2
[
X−l−1,k−2b0 −
1
2
(
X−l−1,k−2b+20 +X
−l−1,k−2b−2
0
)]}
t
}
.
(46)
So using the result from 3.4 we find for the overall perturbation
∆ω(t) = − cos(I)∆Ω(t) +∆ωadd(t)
with∆Ω(t) from (36) and∆ωadd(t) from (46). The secular perturbations are given
by
∆ωsec(t) = − cos I∆Ωsec(t)−
∞∑
l=1
8
√
πGp cos(I)tξl
ec2
√
2l+ 1(l+ 1)al+3
l−1∑
k=0
k=even
NlkFk0 k
2
{
X−l−3,10 +
e
(
X−l−2,00 −X−l−2,20
)
2(1− e2) +
e
(
X−l−1,00 −X−l−1,20
)
2(1− e2)2
}
(47)
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Again, for the spin-dipole the result agrees with the classical expression of
Lense and Thirring:
ωl=1sec = − cos(I)∆Ωl=1sec − 8
√
πGp cos(I)
ec2
ξ1√
3a4
e
(1− e2) 52
t
= − 3 cos(I)∆Ωl=1sec . (48)
4 Summary
The aim of the paper was to investigate the influence of a central gravity field with
a mass monopole and arbitrary spin multipole moments on satellite orbits given
a stationary axisymmetric setting. In order to simplify the form of the multipole
moments a coordinate system was chosen for which the spin vector pointed into
the z-direction. We found that a˙ = 0 holds in general (and not just in first order
perturbation theory) and that e and I experience perturbations which have no
secular contributions. For odd numbers l there are secular perturbations for Ω
and ω which yield for the spin-dipole, l = 1, the well known results by Lense
and Thirring. In the case of the LAGEOS 2 satellite we calculated the additional
secular drift due to Earth’s spin octupole and found a negligible small number.
Further Physical implications and orders of magnitude will be discussed elsewhere.
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